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Abstract. In the article we prove some inequalities that contain relations
between altitudes and medians in triangle. At least one of these inequalities
has not been considered in the literature before and the main theorem has also
not been proved elsewhere in that form.
Some immediate corollaries have been presented as well.
Geometry of the triangle is a realm of elementary geometry where interested
new results pop up all the time. There are plenty of theorems concerning geometry
of the triangle, including hundreds of geometric inequalities (see for example [2]).
The following result consists of two inequalities which look quite pleasant but the
second one turned out to be extremely difficult to tackle. In fact we prove the
following
Theorem 1. Let △ABC be an arbitrary triangle with sides a, b and c. Let also
ha, hb, hc and ma,mb,mc be the altitudes and medians to these sides respectively.
Then the following two inequalities hold:
aha + bhb + chc ≤
√
bcha +
√
achb +
√
abhc(1)
ama + bmb + cmc ≤
√
bcma +
√
acmb +
√
abmc.(2)
As far as the author knows, the second inequality has not been proved yet.
But different random checks of values of the triangle sides have not brought any
counterexamples.
Our proof is based on one and two variable functions theory which we consider
an impediment since the problem formulated above is in the area of the elementary
mathematics.
First we formulate some lemmas which are more or less obvious.
Lemma 1 (Arithmetic-Geometric-Mean Inequality). Let a1, a2, . . . an ∈ R
and ai ≥ 0, i = 1, . . . , n. Then the following inequality is true:
(3)
a1 + a2 + · · ·+ an
n
≥ n√a1a1 · · ·an.
Proof. See [4, p. 18-19] and [3] for a detailed proof. 
Lemma 2. If a+ b + c > 0, then a3 + b3 + c3 ≥ 3abc.
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Proof. From Lemma 1 (n = 3), we get that a1+a2+a3 ≥ 3 3√a1a2a3. Replacing
a1 with a
3, a2 with b
3 and a3 with c
3, we get that a3+ b3+ c3 ≥ 3 3
√
a3b3c3 = 3abc.,
q. e. d. 
Proof of the main theorem.
In order to prove (1) we use that aha = bhb = chc = 2S△ABC . Then
aha + bhb + chc −
√
bcha −
√
achb −
√
abhc = 6S − 2S
√
bc
a
− 2S
√
ac
b
− 2S
√
ab
c
=
2S
(
3−
√
bc
a
−
√
ac
b
−
√
ab
c
)
.
Therefore,
aha + bhb + chc ≤
√
bcha +
√
achb +
√
abhc ⇐⇒
(
3−
√
bc
a
−
√
ac
b
−
√
ab
c
)
≤ 0
⇐⇒ 3abc ≤ (bc) 32 + (ac) 32 + (ab) 32 , a > 0, b > 0, c > 0.
By the substitution x =
√
bc, y =
√
ac, z =
√
ab, we get that
3abc ≤ (bc) 32 + (ac) 32 + (ab) 32 ⇐⇒ 3xyz ≤ x3 + y3 + z3, x > 0, y > 0, z > 0.
Last inequality is exactly Lemma 2 and the proof of (1) is completed.
Now, without loss of generality, we can assume for △ABC, that a ≥ b ≥ c.
Three main cases are possible:
†) △ABC is equilateral, i. e. a = b = c;
††) △ABC is isosceles, i. e. a = b > c;
† † †) △ABC is an arbitrary triangle, i. e. a > b > c.
First, let’s rewrite (2) in the form
(4) (a−
√
bc)ma + (b−
√
ac)mb + (c−
√
ab)mc ≤ 0.
First case. If △ABC is equilateral, then a −
√
bc = b − √ac = c −
√
ab = 0
and (4) is fulfilled as an equality. We will see below that this case is in fact the
extremal case for our problem.
Second case.Now let △ABC be isosceles and we may assume a = b > c > 0.
On the other hand we have that
(5)
ma =
1
2
√
2b2 + 2c2 − a2 = 1
2
√
a2 + 2c2 = mb,
mc =
1
2
√
2a2 + 2b2 − c2 = 1
2
√
4a2 − c2.
Then using (5), (4) is transformed into
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(6) (a−√ac)
√
a2 + 2c2 ≤ a− c
2
√
4a2 − c2, a > c.
We will prove (6). After some tedious computations, we get consequently:
(a−√ac)√a2 + 2c2 ≤ a− c
2
√
4a2 − c2 ⇐⇒
√
a(
√
a−√c)√a2 + 2c2 ≤ (
√
a−√c)(√a+√c)
2
√
4a2 − c2 ⇐⇒
2
√
a3 + 2ac2 ≤ (√a+√c)√4a2 − c2 ⇐⇒
4(a3 + 2ac2)
4a2 − c2 ≤ a+ c+ 2
√
ac ⇐⇒ 4a
3 + 8ac2 − 4a3 + ac2 − 4a2c+ c3
4a2 − c2 ≤ 2
√
ac ⇐⇒
(
c3 + 9ac2 − 4a2c
4a2 − c2
)2
≤ 4ac ⇐⇒
c6 + 81a2c4 + 16a4c2 + 18ac5 − 8a2c4 − 72a3c3 ≤ 64a5c+ 4ac5 − 32a3c3 ⇐⇒
c6 + 14ac5 + 73a2c4 − 40a3c3 + 16a4c2 − 64a5c ≤ 0 ⇐⇒
c(c5 + 14ac4 + 73a2c3 − 40a3c2 + 16a4c− 64a5) ≤ 0 ⇐⇒
c5 + 14ac4 + 73a2c3 − 40a3c2 + 16a4c− 64a5 ≤ 0 ⇐⇒
( c
a
)5
+ 14
( c
a
)4
+ 73
( c
a
)3
− 40
( c
a
)2
+ 16
( c
a
)
− 64 ≤ 0.
In the last expression, let
c
a
= t ∈ (0, 1), and it follows that
t5 + 14t4 + 73t3 − 40t2 + 16t− 64 ≤ 0 ⇐⇒
(t− 1)︸ ︷︷ ︸
<0
(t4 + 15t3 + 88t2 + 48t+ 64)︸ ︷︷ ︸
>0 if t>0
≤ 0.
But the last one is obviously true and that proves (6) in this case. 
Third case. Let now △ABC be an arbitrary triangle and let a > b > c > 0.
We rewrite (4) in the form
(7)
1
2
(a−
√
bc)
√
2b2 + 2c2 − a2+1
2
(b−√ac)
√
2a2 + 2c2 − b2+1
2
(c−
√
ab)
√
2a2 + 2b2 − c2 ≤ 0
or
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(8)
1
2
a2

(1−√ b
a
√
c
a
)√
2
(
b
a
)2
+ 2
( c
a
)2
− 1 +
(
b
a
−
√
c
a
)√
2 + 2
( c
a
)2
−
(
b
a
)2
︸ ︷︷ ︸
F
0
@ b
a
,
c
a
1
A:=F (x,y)
+
1
2
a2

( c
a
−
√
b
a
)√
2 + 2
(
b
a
)2
−
( c
a
)2
︸ ︷︷ ︸
F
0
@ b
a
,
c
a
1
A:=F (x,y)
≤ 0,
and therefore
1
2
a2F (x, y) ≤ 0 ⇐⇒ F (x, y) ≤ 0.
Two variable function F (x, y) defined above, we name devil-fish function and
the surface this function plots in R3 – devil-fish surface.
In our new notation inequality (4) transforms into the extremal problem
(9)
max
(x,y)∈M⊂R2
F (x, y),where
M = {(x, y) ∈ R2| 0 ≤ y ≤ x ≤ 1, x+ y ≥ 1},
where M is geometrically a right-angle triangle and the last inequality follows from
the fact that a+ b > c in an arbitrary triangle.
It is a straightforward check that the devil-fish function is well-defined on M .
Therefore, in order to prove (4), we have to prove that max
(x,y)∈M
F (x, y) = 0.
Note that M is a compact set and since M is a continuous function on M , it
follows from some classical results in the real mathematical analysis, that F (x, y)
reaches its maximum there. In order to find that maximal point we consider the
interior and the boundary of M separately, M = intM ∪ ∂M .
Using some calculating programs such as Maple (computations can be done
manually but that can turn into an extremely tedious hardwork), we find that
∂F (x, y)
∂x
= −y
√
2x2 + 2y2 − 1
2
√
xy
+
2(1−√xy)x√
2x2 + 2y2 − 1 +
√
2 + 2y2 − x2−
(x−√y)x
2 + 2y2 − x2 −
2 + 2x2 − y2
2
√
x
+
2(y −√x)x√
2 + 2x2 − y2 ,
and since the devil-fish function is a symmetric function, i. e. F (x, y) = F (y, x), it
follows immediately that
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∂F (x, y)
∂y
= −x
√
2y2 + 2x2 − 1
2
√
xy
+
2(1−√xy)y√
2y2 + 2x2 − 1 +
√
2 + 2x2 − y2−
(y −√x)y
2 + 2x2 − y2 −
2 + 2y2 − x2
2
√
y
+
2(x−√y)y√
2 + 2y2 − x2
.
Then we solve the system ∣∣∣∣∣∣∣∣∣
∂F
∂x
= 0
∂F
∂y
= 0
,
which gives us two points: M1(0, 9238127491 . . . , 0, 1660179102 . . .) and M2(1, 1).
Note that M1,M2 ∈M and M1 ∈ intM , M2 ∈ ∂M .
Again using some software, we get for the devil-fish function’s hessian:
H(x, y) :=
∂2F
∂x2
·∂
2F
∂y2
−
[
∂2F
∂x∂y
]2
|M2(1,1)
=
(
−3
√
3
2
)(
−3
√
3
2
)
−
(
3
√
3
4
)2
=
(
9
4
)2
> 0
and since
∂2F
∂x2 |M2(1,1)
= −3
√
3
2
< 0, it follows that point M2(1, 1) is a possible
point of maximum over M . For completeness we need to check what is going on
the boundary because M2 ∈ ∂M . But that is straightforward and this checking
consists of the cases {x = 0}, {x = y}, {x = 1}, and {x+ y = 1}. This leads to the
fact that the point in question is in fact an absolute maximum in M . This yields
sup
(x,y)∈M
F (x, y) = max
(x,y)∈M
F (x, y) = F (1, 1) = 0.
Additionally, M1 is a point of a local minimum and moreover:
F (x, y)|M1 = F (0, 9238127491 . . . , 0, 1660179102 . . .) = −0, 4280657968 . . .
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The devil-fish surface can be seen below:
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0
Figure 1. Devil-fish surface
Using software such as Maple and Mathematica, one can get different views to
that surface:
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(d) Front view
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(e) Front-down view
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(f) Front-up view
Figure 2. Different views of the devil-fish surface
Therefore all the cases are done and the theorem is proved. 
The following immediate corollary is true:
Corollary 1. Let a, b and c be the sides of a triangle △ABC and let also ma,mb
mc be the medians to these sides respectively. Then
a) (2p− 3a)ma + (2p− 3b)mb + (2p− 3c)mc ≥ 0, where p := a+ b+ c
2
.
b)
ma
mc
≤
√
ab+
√
ac+
√
bc
a+ b+ c
≤ 1, a ≥ b ≥ c.
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